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1 9.35,178
WA aerden numbers. Ref Loth83 49, [1.2; A5346)
35, 201, 1827

of Bell's formula. Ref NMT 10 65 62. (2,2; A2575, N1134j

3.9, 37, 153, 951, 5473, 42729, 353937 3455083, 30071001, 426685293,
19. 59350096287, 882391484913 15177204356401 205119866263713
thmic numbers. Ref TMS 31 79 63. jos. [0,2; A2751. N1 135)

w22 1 101.3.9, 37, 177, 959, 6097, 41641, 325249, 2693691, 24807321, 241586893,
15. 28607094455, 342232522657, 4315903789009, 57569080467073
Ref JO61 150. [0,4; A6229]

M2823 1,3,9,42, 206, 1352, 10168
roups of order n. Ref PL65. MAL 2 2 67. SGF 14 71 77. [1,2; A1427,

M2824 3.9, 45,225, 1575, 11025, 99225, 893025, 9823275, 108056025,
V125 18261468225, 273922023375, 4108830350625, 698501 15960625
C1/(1=x)(1=x%)"2_Ref R1 87. [1.4; A0246, N1137]

1,3,9,48, 504, 14188, 1351563
ictions of n variables. Ref PGEC 19 821 70. MU71 38. [0,4; A1530, N1138]

V826 3.9, 54,450, 4725, 59535, 873180, 14594580
i integral. Ref C1 167. [2,1; A1194, N1139]

). 89, 1705. 67774
s of cycles. Ref AMA 131 143 73. [3,2; A3225]

"85 1.3,9.93,315, 3855, 13797, 182361, 9256395, 34636833, 1857283155,

.......

6775, 102280151421, 1497207322929, 84973577874915, 4885260612740877
tents: (27! — 1)/p. Ref Well86 70. [0,2; A7663]

M2829 2 4n 10.6,6,6.2,5.8.2,6,8,4,6,

&0 3 3 0 B4 13,2,6,4,4
2.4,7,11,5,,9,10,7, 1,6, 7, 11, % 10'0-6'8}3:‘?184;':8;_7,‘2“,10&92 13.
37 reaches 153 under x goes to sum of cubes of Gig

\'\.“I‘ 2 14 2 rAanzZ 17241 7mll.597449‘ 1865358.
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Spin chains and combinatorics

A. V. Razumov, Yu. G. Stroganov

Institute for High Energy Physics
142284 Protvino, Moscow region, Russia
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The XXZ quantum spin chain model with periodic boundary conditions is one of
5 emmmw‘ich has becn investigating by the Bethe Ansatz

method during the last 35 years [3]. It is described by the Hamiltonian

N
= T .z V.Y Z =2 < =<
HJ\"YZ—— E {UJUJ+1+0]U]+1+AUJUJ+1 3 UN+1—01. (1)
=1



The nonzero wave function components are

N =3 2,)001 = 1
N=5: voo11 =1, - Yoor01 = 2;
N =T7: voooo111=1, ooo1101 = Yooo1011 =3, Yoo10011 =4 Woo10101 = 7.

All components not included in the list can be obtained by shifting. Notice that the
components of the ground state are positive in accordance with the Perron-Frobenius
theorcm.

Let us continue the list. For N = 9 the components of the cigenvector with the
encrgy —27/2 and S, = —1/2 are

Yo00001111 = 1, Yoooo10111 = 4, Yoooo11011 = 6, Yooo100111 = 7,
Y000101011 = 17 Yooo101101 = 14, Yooo110011 = 12, Yoo1001011 = 21,
¥001010011 = 29, Yoo1010101 = 42.

Let us continue the list. For N = 9 the components of the cigenvector with the
encrgy —27/2 and S, = —1/2 are

Yooooo1111 = 1, Yoooo10111 = 4, Yoooo11011 = 6, Yooo100111 = 7,
Yooo101011 = 17, Yooo101101 = 14, Yooo110011 = 12, Yoo1001011 = 21,
Poo1010011 = 25, Yoo1010101 = 42.

We omit nonzero components which can be obtained by the reflection of the order of sites
since this transformation is a symmectry of our state, as it is for the ground statc. For
example, we have

Yoooo11101 = Poooo10111 = 4



4,2 ,7, 42, 429,..




M1803 1,2,7, 37, 266, 2431, 27007, ...

M1791 0,1,2,7,32, 181, 1214, 9403, 82508, 808393, 8743994, 103459471, 1328953592,
18414450877, 273749755382, 4345634192131, 73362643649444, 1312349454922513
a(n)=n.a(n-1)+(n-2)a(n~-2). Ref R1 188. [0,3; A0153, NO706]

B.gf: (1 =x)"2e".

M1792 1,1,2,7,32, 181, 1232, 9787, 88832, 907081, 10291712, 128445967,
1748805632, 25794366781, 409725396992, 6973071372547, 126585529106432
Expansion of 1/(1- sinh x). Ref ARS 10 138 80. [0,3; A6154]

M1793 0,1,1,2,7,32, 184, 1268, 10186, 93356, 960646, 10959452, 137221954,
1870087808, 27548231008, 436081302248, 7380628161076, 132975267434552
Stochastic matrices of integers. Ref DUMJ 35 659 68. [0,4; A0987, N0707]

M1794 1,2,7,33,192
Permutations of length n with n in second orbit. Ref C1 258. [2,2; A6595]

M1795 1,2,7, 34,209, 1546, 13327, 130922, 1441729, 17572114, 234662231,
3405357682, 53334454417, 896324308634, 16083557845279, 306827170866106
a(n)=2n.a(n-1)=(n-1)>a(n—-2). Ref SE33 78. [0,2; A2720, N0708]

M1796 1,2,7,34,257,2606, 32300, 440564, 6384634
Polyhedra with n nodes. Ref GR67 424. UPG B15. Dil92. [4,2; A0944, N0709]

M1797 2,7, 35,219, 1594, 12935, 113945, 1070324, 10586856, 109259633, 1168384157,
12877168147, 145656436074, 1685157199175, 19886174611045
Two-rowed truncated monotone triangles. Ref JCT A42 277 86. Zei93. [1,1; A6947]

M1798 1, 1,2,7, 35,228, 1834, 17382, 195866, 2487832, 35499576, 562356672,
9794156448, 186025364016, 3826961710272, 84775065603888, 2011929826983504
Coefficients of iterated exponentials. Ref SMA 11 353 45. [0,3; A0154, NO710]

M1799 1,2,7,35,228, 1834, 17582, 195866, 2487832, 35499576, 562356672,
9794156448, 186025364016, 3826961710272, 84775065603888, 2011929826983504
Expansion of In (1 + In(1 + x)). [0,2; A3713]

M1800 1,0,1,2,7, 36,300, 3218, 42335, 644808
Circular diagrams with n chords. Ref BarN94. [0,4; A7474]

M1801 1,2,7,36,317,5624, 251610, 33642660, 14685630688
n X n binary matrices. Ref CPM 89 217 64. SLC 19 79 88. [0,2; A2724, NO711)

M1802 2,7,37,216, 1780, 32652
Semigroups of order n with 2 idempotents. Ref MAL 2 2 67. SGF 14 71 77. [2,1; A2787,
N0712]

M1803 1,2,7,37,266,2431,27007, 353522, 5329837, 90960751, 1733584106,
36496226977, 841146804577, 21065166341402, 569600638022431
a(n)=(2n-1)a(n—1)+a(n-2). Ref RCI 77. [0,2; A1515, NO713]



M1804 1, 1,2,7,38,291,2932, ...

M1804 1,1,2,7,38,291,2932, 36961, 561948, 10026505, 205608536, 4767440679,
123373203208, 3525630110107, 110284283006640, 3748357699560961

Forests of labeled trees with n nodes. Ref JCT 5 96 68. SIAD 3 574 90. [0,3; A1858,

NO714]

M1805 1,1,2,7,40,357, 4824, 96428, 2800472, 116473461
n-element partial orders contained in linear order. Ref nbh. [0,3; A6455]

M1806 1,2,7,41,346,3797,51157, 816356, 15050581, 314726117, 7359554632,
190283748371, 5389914888541, 165983936096162, 5521346346543307
Planted binary phylogenetic trees with n labels. Ref LNM 884 196 81. [1,2; A6677]

M1807 1,1,2,7,41,376,5033, 92821, 2257166, 69981919, 2694447797, 126128146156,
7054258103921, 464584757637001, 35586641825705882, 3136942184333040727
Hammersley’s polynomial p, (1). Ref MASC 14 4 89. [0,3; A6846]

M1808 1,2,7,42,429, 7436, 218348, 10850216, 911835460, 129534272700,
31095744852375, 12611311859677500, 8639383518297652500

Robbins numbers: TT(3k+1)!/(n+k)!, k = 0..n—1. Ref MINT 13(2) 13 91. JCT A66

17 94. [1,2; A5130]

M1809 1,2,7,42,582,21480, 2142288, 575016219, 415939243032, 816007449011040,
4374406209970747314, 64539836938720749739356

Antisymmetric relations on n nodes. Ref PAMS 4 494 53. MIT 17 23 55. [1,2; A1174,

NO715]

M1810 0, 1,2,7,44,361, 3654, 44207, 622552, 10005041, 180713290, 3624270839,
79914671748, 1921576392793, 50040900884366, 1403066801155039
Modified Bessel function K, (1). Ref AS1 429. [0,3; A0155, N0716]

Mi1811 0,1,2,7,44,447, 6749, 142176, 3987677, 143698548, 6470422337,
356016927083, 23503587609815, 1833635850492653, 166884365982441238
a(n)=n(n-1)a(n-1)/24+a(n-2).[0,3; A1046, NO717]

MI1812 1,2,7,44,529, 12278, 565723, 51409856, 9371059621, 3387887032202,
2463333456292207, 3557380311703796564, 10339081666350180289849

Sum of Gaussian binomial coefficients [n,k] for ¢ =4. Ref TU69 76. GJ83 99. ARS Al7

328 84.[0,2; A6118]

MI1813 2,7, 52,2133, 2590407, 3374951541062, 5695183504479116640376509,
16217557574922386301420514191523784895639577710480
Free binary trees of height n. Ref JCIS 17 180 92. [1,1; A5588]

M1814 1,1,2,7,56,2212,2595782, 3374959180831, 5695183504489239067484387,
16217557574922386301420531277071365103168734284282

Planted 3-trees of height n. Ref RSE 59(2) 159 39. CMB 11 87 68. JCIS 17 180 92. [0,3;

A2658, NO718]



M1807 1,1,2,7,41,376,5033,92821, 2257166, 69981919, 2694447797, 126128146156,
7054258103921, 464584757637001, 35586641825705882, 3136942184333040727
Hammersley’s polynomial p,(1). Ref MASC 14 4 89. [0,3; A6846]

M1808 1,2,7, 42,429, 7436, 218348, 10850216, 911835460, 129534272700,
31095744852375, 12611311859677500, 8639383518297652500

Robbins numbers: I[T(3k+1)!/(n+k)!, k =0 ..n—1. Ref MINT 13(2) 13 91. JCT AG66

17 94. [1,2; A5130]

M1809 1,2, 7,42, 582,21480, 2142288, 575016219, 415939243032, 816007449011040,
4374406209970747314, 64539836938720749739356

Antisymmetric relations on n nodes. Ref PAMS 4 494 53. MIT 17 23 55. [1,2; Al1174,

NO715]



M1807 1,1,2,7,41,376,5033, 92821, 2257166, 69981919, 2694447797, 126128146156,
7054258103921, 464584757637001, 35586641825705882 3136942184333040727
Hammerslev’s polynomial 1). Ref MASC 14 4

M1808 1,2,7, 42,429, 7436, 218348, 10850214, 911835460, 129534272700

Robbins numbers: TI(3k+1)!/(n+k)!, k = 0 . . n—1. Ref MINT 13(2) 13 91. JCT A66
17 94. [1,2: A5130]

M1809 1,2,7,42,582,21480, 2142288, 575016219, 415939243032, 81600744901 1040,
4374406209970747314, 64539836938720749739356
Antisymmetric relations on n nodes. Ref PAMS 4 494 53, MIT 17 23 55. [1,2; A1174,

NO715]
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1,2 ,7,42, 429, ...
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alternating ﬁn matrices conjecture

Mills, Ro®bins, Rumsey (1982)



Robbins
The Mathematical Intelligencer (1991)

“These conjectures are of such compelling simplicity that it is hard to
understand how any mathematician can bear the pain of living without
understanding why they are true”
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6-vertex model
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MODORVM QVIBVS FIGVRAE
PLANAE RECTILINEAE PER DIAGONALES
DIVIDVNTVR IN TRIANGVLA.

Auctore
TOH. ANDR. DE SEGNER.

—F.i.;ngulnm per diagonalem in alia folui non pofle,
- vtpote quod ex fe ipfo vno tantum modo com-
ponitur , notum eft : quadriliterum autem .ta diuidi
duplicem in :modum pofie , mox apparet. INeque dif-
ficulter perfpicitur , modos , quibus quinque laterum
figura per diagonales in triangula fOluitur, -quinque effe,
quorum quilibet difcrepat ab altero. Sex autem , el
plorium  Taterum ‘figurae, quot modis ita foluantar
enumerare difficilins ¢ft ; eoque difficilins , quo plura,
funt figurze latera.  Soluitur autem hexagonum m
triangula 14 modis diverfis, heptagonum 42, ogdogo-
num 152, enneagonum 429; quos OUMEros mecum
‘beneuvclus communicauit fummus Eulerus; modo , quo
eos reperit , atque progreffionis-ordine, wcelatis. Vtrum-
que -perfpiciendi cupido, poft tentamiina quaedam inania,
¢os numeros eliciendi methodus occurrit adeo fimplex,
vt in ea acquiefcendum mibi putaverim , quam hic
Proponam.

Triangulum prima ordine eft figurarum planarurm
refilinearum , quadrilaterum fecunda , et ita demnceps >
CC % {ic
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_introduction to enumerative and bijective combinatorics
-~ NoN~-Crossing Paths) tilings) determinants and Young
tableaux. The LGV Lemma.

~ introduction to the theorg of heaPs of Pieces: the 3
basics lemma

~ heaps of Pieces and statistical mechanics: directed
animals, gas models, q—-Bessel functions in Phgsics

- heaps of Pieces and 2D Lorentzian quantum gravity

- combinatorics of the PASEP), relation with orthogonal
Polynomials

~ alternating sign matrices, FPL and the (ex)-Razumov-

Stroga novV Corjectu re
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cours.xavierviennot.org

Introduction to combinatorics (generating functions)
see: Ch1 and 2, course CEA Saclay 2007 (*)
also: course Frutillar 2009 Ch1,
Tata Bombay 2010 Ch1 and 2

- Heaps of pieces, course Talca 2013/14
- Cellular Ansatz, course |IT Bombay 2013

Combinatorial theory of orthogonal polynomials
« Petite école » Bordeaux, 2006/2007 (*)

(*) main website www.xavierviennot.org, page « cours »
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