
Xavier  Viennot
LaBRI, CNRS, Bordeaux

Physique   combinatoire 
et

algèbres  quadratiques

7  Novembre  2011
Colloquium,  Nice

"L'Ansatz  cellulaire"



Young  tableaux

enumerative  combinatorics:











Hook  length  formula

J.S. Frame, G. de B. Robinson et R.M. Thrall, 1954

..... Franzblau-Zeilberger, Remmel, Greene-Wilf, Krattenthaler,
Novelli- Pak-Stoyanovski, ...



















algebraic   combinatorics:

Young   tableaux
and

representation  of  the symmetric  group











bijective   combinatorics:



The  Robinson-Schensted  correspondence  (RSK)  between  
permutations  and pair of (standard) Young tableaux with the same shape



quantum mechanics:
spin chain model

combinatorial  physics:

















ASM

Alternating  sign  matrices



Alternating sign  matrices
- entries:  0, 1, -1
- sum in rows and columns = 1
- non 0 entries alternate in sign
       in each row and column











enumeration  of  ASM



alternating  sign  matrices  conjecture
Mills, Robbins, Rumsey  (1982)



Robbins

The Mathematical Intelligencer (1991)

“These conjectures are of such compelling simplicity that it is hard to 
understand how any mathematician can bear the pain of living without 
understanding why they are true”



3D  Ferrers  diagram



plane  partition

3D  Ferrers  diagram



TSSCPP

totaly  symmetric 
self complementary 

plane  partitions

















ice  model
or

six-vertex  model









6-vertex  model







Gaudin





Razumov - Stroganov  
 conjecture  2000-2001







Razumov - Stroganov  
(ex)- conjecture  2000-2001

proof  by :
 L. Cantini  and  A.Sportiello  (March  2010)
arXiv:  1003.3376  [math.C0]
completely  combinatorial  proof



The    "cellular  Ansatz"



 
Heisenberg
operators

U, D

UD = DU + I



normal  ordering









The  cellular  Ansatz
for   UD = DU + I

first  step
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“planarisation”  of  the  “rewriting  rules”U
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“planarisation”  of  the  “rewriting  rules”U
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UD = qDU + I
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permutation  as  a  Q- tableau  



another  Q-tableau:
Rothe  diagram   of  a   permutation



alternating  sign matrices   (ASM)
and  a  quadratic  algebra
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“planarisation”  of  the  “rewriting  rules”
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The  PASEP





stationary 
probabilities





TASEP

Brak, Essam (2003),  Duchi, Schaeffer, (2004), 
 Angel (2005),    XGV, (2007)

Brak, Corteel, Essam, Parviainen, Rechnitzer  (2006)
Corteel, Williams  (2006) (2008) (2009)  XGV, (2008)
Corteel, Stanton, Stanley, Williams (2010) 

(P) ASEP

Derrida, ...
Mallick, ....  Golinelli, Mallick  (2006)
  

Combinatorics  of  the  PASEP



The  PASEP  algebra

DE  = qED + E +D

The Matrix   Ansatz

Derrida, Evans, Hakim, Pasquier    (1993)
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complete
alternative  tableau



alternative  tableau





rows
columns

stationary 
probabilities

blue
red





q-Laguerre
orthogonal polynomials



permutation tableau





(2010)

S. Corteel, R. Stanley, D. Stanton, L. Williams (2010)

partition  function Z
as a sum of certain weights of «staircase tableaux»
or  as the moments of the Askey-Wilson polynomials

alternative tableaux with two colors for the blue and for the red cells, 
plus two colors for each edges of the border of the Ferrers diagram



Askey-Wilson



n = 12

alternative  tableau



guided   construction
of  a bijection

(from  a  representation  of  the  quadratic
algebra    Q   with  "combinatorial  operators")

The  cellular  Ansatz
second    part:



The  Robinson-Schensted  correspondence  (RSK)  between  
permutations  and pair of (standard) Young tableaux with the same shape



  representation  of  the  operators   U, D

Sergey  Fomin
(with C. K.)



Operators  U  and   D

U
D●

●
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●

Young  lattice

adding
or deleting

a cell in
a Ferrers
diagram



Young  lattice. . . . . . . . . . . . . . . . . . . . . . . . .      



U = + +

D += . .



Heisenberg  commutation  relation

UD = DU + I
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RSK  with  Schensted’s  insertions

















































TASEP  
and 

 Catalan  alternative  tableaux
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Bijection  
alternative  Catalan  tableaux

binary  trees









alternative  Catalan  tableaux  
and   

Loday - Ronco  algebra



algèbre  de  Loday-Ronco









Physique

UD = DU + Id
Weyl-Heisenberg

commutations
réécritures

objets 
combinatoires

planarisés

représentation
par  opérateurs

placements de tours
permutations

tableaux alternatifs

bijections

Q-tableaux
ex: ASM, FPL

pavages, 8-vertex

automates 
planaires

paires Tableaux Young
permutations

histoires de Laguerre

histoires
de fichiers

algèbre quadratique Q

polynômes
orthogonaux

?

RSK

DE = qED + E + D
PASEP

"normal ordering"

planarisation

"L’Ansatz  cellulaire"



- 1. Lundi, après le colloquium
de l'algèbre  UD=DU+Id à la correspondance  RSK

- 2 Mercredi après-midi, 14h
le PASEP, tableaux alternatifs, 
l'Ansatz matriciel et le calcul des probabilités stationnaires,
de l'algèbre DE=qED+E+D à la bijection 

permutations -- tableaux  alternatifs

- 3 Jeudi matin, 9h
rappels: théorie combinatoire des polynômes orthogonaux,  
liens avec le PASEP
le TASEP, arbres binaires, algèbre de Loday-Ronco

-4 Jeudi après-midi, 14h
l'Ansatz cellulaire: théorie générale
Q-tableaux, automates planaires, algèbre du 8-vertex



http://www.labri.fr/perso/viennot/

Recherche, cv, publications, exposés, diaporamas, livres, petite école, photos: voir ma page personnelle ici 

Vulgarisation scientifique voir la page de l'association Cont'Science 

http://web.me.com/xgviennot/Xavier_Viennot/

http://web.me.com/xgviennot/Xavier_Viennot2/

Cours  XGV, Universidad de Talca
  (December 2010 - January  2011)

Combinatorics and interactions (with  physics)  (24h)
        «The Cellular  Ansatz»

pour plus de détails
voir les diaporamas du cours donné à Talca:

accessible sur les sites:

"Petite  école  de  combinatoire"
LaBRI, 2011-2012



Ch 0  Introduction

Ch 1  Ordinary generating function,  the Catalan garden
 Ch1a   (1/12/2010,  54 p.)
 Ch 1b (7/12/2010,  81 p.)
 Ch 1c  (7/12/2010, 30 p.) algebraic complements in relation with physics

Ch 2  Exponential generating functions, permutations
 Ch 2a  (22/12/2010,  40 p.)
 Ch 2b (4/01/2010, 63 p.)
 Ch 2c (4/01/2010, 33 p.)  Permutations: Laguerre histories

Ch 3  Permutations and Young tableaux,
    the Robinson-Schensted correspondence  (RSK)
 Ch 3a  (6/01/2011,  117 p.)
 Ch 3b (6, 11/01/2011, 121 p.)  RSK  and operators

Ch 4  Alternative tableaux and the PASEP  (partially asymmetric exclusion process)
 Ch 4a (13/01/2011, 98p.)
 Ch 4b  (13, 18/01/2011, 102 p.) alternative tableaux and the PASEP
 Ch 4c (18/01/2011, 81 p.)  complements

Ch 5  Combinatorial theory of orthogonal polynomials  
  (20/01/2011, 110 p.)

Ch 6   "jeu de taquin" for binary trees, Catalan tableaux and the TASEP
 Ch 6a  (24/01/2011, 98 p.)
 Ch 6b  (24/01/2011, 111 p.)  alternative tableaux and increasing/alternative binary trees
 Ch 6c (24/01/2011, 21 p.)  Catalan tableaux and the Loday-Ronco algebra

Ch 7  The cellular Ansatz 
 Ch 7a  (25/01/2011,  117 p.)
 Ch 7b  (25/01/2011,  49 p.) complements

Cours  XGV
Universidad de Talca

  (December 2010 - January  2011)
24 h

Combinatorics and interactions 
(with  physics)

«The Cellular  Ansatz»



La  Universidad
de  Los  mejores

www.utalca.cl

Universidad
de Talca
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Young  tableaux hook-length
alg  combin: repr  Sn bij combin:  RSK

comb  phys:  spins chain ASM enum ASM

TSSCPP

TSSCPP

6-vertex R-S  conj

UD=DU+I C.A. (I) for  UD=DU+I

Q  for  ASM

PASEP C.A. (1)  for DE=ED+E+D

C.A. (2) representation  U,D

TASEP

RSK: insertions

Loday-Roncobinary  trees

plan  du  cours Cours 1 complements


